Abstract-This paper proposes a procedure for designing a fast terminal sliding-mode control involving an integral filter that guarantees a finite time of convergence to zero dynamics, robustness against polynomial bounded uncertainties, and external disturbances. It reduces the chattering effect by employing a state-dependent gain and adds an integral filter to smooth the input control signal. We suggest a simplified algorithm to design the controller. To test the performance of the algorithm, we use a Van der Pol chaotic oscillator synchronization with perturbations in the states. Finally, we compare the performance of the method by using the proposed controller with the filter turned-on and turned-off.
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I. INTRODUCTION

A. Brief Review
T HE sliding-mode control (SMC) is a manifold that can attract robustly a dynamical system to a desired point. However, the convergence to this point depends of how to select the a sliding surface (this surface can be reached in finite time) [1] - [4] . For reaching the convergence to the equilibrium point in finite time, it is necessary to design a terminal attractor that requires a sequential structure of manifolds, this procedure is called terminal sliding-mode control (TSMC) [5] . The disadvantage of this approach is that the reaching time is too long. In order to reduce the reaching time, a damping term is added to the control, forcing the dynamical system to converge quickly even when the initial state is far away from the equilibrium point. This control was named fast terminal sliding-mode control (FTSMC) [6] - [9] .
The FTSMC is a TSMC type in the sense that the states of the dynamical system reach a set of sliding manifolds presenting a chattering effect. The main goal of this paper is to reduce this chattering effect and at the same time preserve the main properties of the control: convergence in finite time, and robust-ness to uncertainties and perturbations. In addition, we add a state-dependent term and an integral filter. In order to exemplify these ideas, we apply the proposed control to a chaotic oscillator synchronization with a smooth reference signal.
B. Related Works
The SMC is an interesting robust technique that can be extended to design controllers for high-order systems, the integral version of the method, super-twist method, observers and estimators based-on robust exact differentiation, among others [10] - [15] . The terminal sliding mode control (TSMC) was developed by Venkataraman and Gulati [5] . We can find applications of the FTSMC in different areas: mechanics, precision robotics, etc. [6] - [9] .
Van der Pol [16] was the first to analyze the relaxation oscillations in chaotic oscillator. He determined a stable bounded chaotic system with natural oscillations applied to electronics. Several theoretical and practical papers about the van der Pol oscillator can be found in the literature. For instance, Shinriki et al. [17] modified the van der Pol oscillator suggesting a multimode oscillations and proposing interesting applications in electronics. Murali et al. [18] achieved a synchronization of this oscillator and applied their solution approach to transmission signals. Scholl et al. [19] presented several methods to synchronize and control chaotic systems. Njah [20] suggested an active control for a specific type of van der Pol oscillator and applied the control to secure communications and data encryption. Vaidyanathan [21] proposed different adaptive control methods obtaining a global synchronization in a forced van der Pol oscillator. Martínez et al. [22] , [23] presented a generalized synchronization in chaotic Liouvillian fractional systems applied to a type of oscillators employing fractional calculus and other techniques.
C. Main Results
This paper proposes a design for the FTSMC with statedependent gain and an integral filter to smooth the input control signal, and a simplified algorithm for practical applications. We apply the algorithm to a Van der Pol chaotic oscillator synchronization with perturbations in the states.
In summary, this paper makes the following contributions: 1) presents the stability proof of the proposed controller; 2) shows that the convergence to the equilibrium point is given in finite time; 3) presents the disturbance rejection proof for a statedependent term of the proposed controller; 4) proves the smoothness added to the input control signal by the integral filter; 5) suggests a simplified algorithm to design methodically the FTSMC with integral filter; 6) validates the performance of the controller presenting an application to a Van der Pol chaotic oscillator synchronization with perturbations in the states; 7) provides a comparison with a controller with turned-off the integral filter presenting some advantages and disadvantages of the methods.
D. Organization of this Paper
The remainder of this paper is organized as follows. Section II presents the background needed to understand the rest of this paper and the motivation, extends the TSMC to an FTSMC with state-dependent gain parameter and it shows the finite time convergence, the stability of the control law, and the disturbance rejection. Section III presents the mathematical framework, which is needed to develop an integral filter for the proposed controller. Section IV suggests the algorithm for designing an FTSMC with an integral filter. Section V shows an application of the control to a Van der Pol chaotic oscillator synchronization with perturbations in the states and a numerical example that validates the effectiveness of the controller. Finally, we close this paper in Section VI with conclusions and future work.
II. FTSMC
A. Theoretical Introduction and Motivation
Let us consider the controllable linear systeṁ
There exists a similarity transformation matrix T such that transforms the dynamical system given in (1) into the following form:
with z = T x, r (z) a linear scalar function in z, and the transformation is given by T = h hA hA
the controllability matrix (see [24] and [25] ). Now, considering the dynamical system (2) we design the control in the form u = u eq + u c .
To design u eq , let us consider the following recursive structure of manifolds:
where β j > 0 and for odd integers p j > q j > 0. When s j = 0 is reached, the dynamics becomeṡ
then solving for an initial state z 1 (0) = 0, the dynamics will reach z 1 = 0 in a finite time determined by
The equilibrium point is a terminal attractor. Note that the terminal dynamics are not Lipschitz for any initial condition, but the solution in the forward time direction exists and is unique (see [26] ). When the states are far away from the equilibrium point, the term z
tends to reduce the magnitude of the convergence rate, i.e., the dynamical system converges slowly. To prevent this effect, we introduce the following fast terminal sliding-mode dynamics:
where α, β > 0. When z is far away from zero, the approximate dynamics becomesż = −αz then it reaches fast convergence, when z is close to z = 0, the approximate dynamics becomeṡ z = −βz q/p then it is a terminal attractor. We can solve the ODE (4) analytically, then the time to reach zero is given by
Now, let us propose the following recursive procedure for designing an FTSMC of higher order systems: (6) where α j > 0, β j > 0. The time to reach the manifolds is as follows:
The sliding-mode control should be designed considering that
The dynamics (2) can be written asż = Az + Bu. We present the following Theorems (based-on the proposals of [6] - [9] with modifications adapted to our approach).
Theorem 1: For the dynamical system (2), if the control is designed as u = u eq + u c where
with constant K > 0, then the system will reach the sliding mode s n −1 = 0 in finite time.
Proof: Taking the time derivative of s n −1 ,
, for i = n − 1, n − 2, . . . , 1 and the l th-order Lie derivative of s j is
substituting the control yields s n −1ṡn −1 = −K |s n −1 |, which means that the sliding mode s n −1 = 0 will be reached in finite time.
The parameters q k and p k must be chosen carefully in order to avoid the singularity because there are terms in
, which may contain negative powers so that, when s k −1 → 0, u → ∞. This problem can be remedied by the following theorem.
Theorem 2: If
The nth derivative of a composite function F (s) is given by (8) is bounded. Referring from the aforementioned analysis, we also have
With the aforementioned expressions in mind, the control can be rewritten as
For the second term to be bounded while
B. Matching Disturbance Rejection
Consider now the dynamical system with uncertainties and perturbationsẋ
with 0 ≤ t ≤ T f for some T f < ∞, ζ (x(t), t) := Bη (x(t), t) (matching condition) and the polynomial bound
, for some m ≥ 0. Note if m = 0, then we have a constant bound. This function describes a kind of uncertainties and perturbations coupled in the input. Thus, under the similarity transformation T described previously, we obtainż
where r (z(t)) = Hz(t) is a scalar function in z, i.e., H is a constant row vector, then r (z(t)) ≤ H z(t) . Using the control law, a variable K is now selected as follows:
Then, we have
Taking K j > L j for all j = 1 and K 1 > L 1 T −1 + H , we can guarantee the stability.
Initiating each parameter with appropriate numerical values for this controller, it is possible to obtain a reaching time T r ≤ T f guarantees the existence of the solution to the differential equation (see [26] ).
C. Finite Time Convergence
Theorem 3: Given K (z (t)) by (11) applied to the control law, then t n < ∞.
Proof: Consider the Lyapunov function V (t) := 1 2 s 2 n −1 , then its corresponding time derivative is formulated as follows:
solving with V (0) = V 0 (remember V 0 > 0 because a Lyapunov function is positive definite), we obtain
We have proved previously that the manifold is reached, i.e., V (t n ) = 0 for some t n > 0, we need to prove t n < ∞, by simple substitution, we have
) is a nonnegative function obtained from (11) , then
The integral is nonnegative for all t n > 0, if t n → ∞ the middle term of inequality would not be finite, while √ 2V 0 is a finite upper bound for this (inequality), which generates a contradiction. Therefore, we conclude that t n is finite.
Remark 1: The first sliding surface is reached in a finite time t n . The next sliding surfaces will be reached sequentially in finite time. The process continues until the equilibrium point is reached.
III. INTEGRAL FILTER ADDED TO THE FTSMC
The control law given previously is noncontinuous because it has the sign function around the zero point inducing the chattering effect in real-time signal. To reduce this effect, we consider the integral of the control signal, or in differential form, it is possible to construct an augmented system withu = v, where u is taken as another state of the system and v is a new input control law.
Theorem 4: Assume u (t) is a bounded and integrable function in a closed set [a, b] ⊆ R, then its integral is a continuous function.
Proof: First, we will prove the continuity in
Since t 0 is arbitrary, then the integral of u (t) is continuous in (a, b) . The lateral continuity in points a and b (at right or left side, respectively) follows by the integrability of u (t) and the continuity of its integral in (a, b) . Then, the integral of u (t) is continuous in [a, b] .
This theorem vanishes the chattering effect in the control signal because a theoretical continuous function has no jumps. In practice, this fact means a chattering reduction in the control law, similarly to a low-pass filter.
Theorem 4 can be applied as often as desired to obtain a smoother control signal (adding more integrators). This process increases the complexity of the augmented dynamical system but the control signal becomes a smooth function since increasing the differentiability order of the global system.
IV. ALGORITHM TO DESIGN THE CONTROLLER
For implementing the FTSMC with an integral filter, we propose the following algorithm.
Algorithm: 1) Given the n-dimensional dynamical system (9), add a virtual state (for the integral filter) and take it in form (10) using a similarity transformation. 2) Determine a polynomial bound for uncertainties and perturbations. 3) Set the coefficients in (11) as an upper polynomial bound with relative tolerance (nonabrupt control signal). 4) Construct the (n + 1)-dimensional recursive structure (6) of the FTSMC (remember is added a virtual state for the integral filter). 5) Set the coefficients in (7) depending on the desired time to reach the manifolds (the zero time is not possible). 6) Apply the output of the integral filter to the dynamical system (plant).
7)
If the zero-dynamics is not reached then set larger coefficients in (11) and change the rest of coefficients in formula (7) for a smaller reach time. 8) If the global system exhibits undesirable jumps in the signals, then set smaller coefficients in (11) than previously selected and change the rest of coefficients in formula (7) for a larger reach time. 9) If the dynamical system under this controller exhibits bounded oscillations, check: the system is controllable, the augmented system is controllable, the reference signal is smooth, the uncertainties and perturbations have polynomial bound and satisfies the theorems' conditions. The aforementioned algorithm presents a simplified method to design an FTSMC with an integral filter. In some practical cases, it is impossible to get a theoretical polynomial bound for uncertainties and perturbations but if we know that this bound exists, then it is possible to tune the controller based on heuristic methods or human knowledge. In any case, it is important to verify that the sliding surfaces are being reached after a finite time, it is also possible to achieve this goal in practical design by using an oscilloscope to plot the resultant signal and set the parameters until zero dynamics is reached.
V. VAN DER POL OSCILLATOR
A. Modeling the Oscillator
Let us consider the following standard model for the van der Pol oscillator with perturbations:
where u is the input control signal, and η (t) is a bounded disturbance and its time derivative is bounded. We are interested in synchronizing the oscillator with a smooth external signal r (t), involving the rejection of uncertainties and disturbances via FTSMC, To reduce the chattering effect, we add an integral filter, i.e., we take the equations to an augmented system as follows:ẋ
where x 3 = u represents the original input signal, i.e., the input is an integral form of any control, in particular, the FTSMC will be used. For tracking with this oscillator, let us consider the next change of variables Applying the change of variables, we obtain the next dynamical systemė given by (11) .
B. Results and Comparisons
Fig . 1 shows the basic scheme of the control needed to synchronize the oscillator with a smooth reference signal. To guarantee the smoothness of the signal, a trajectory generator is added, which contains the error signals and a set of low-pass filters needed to obtain a smooth signal and prevent abrupt changes in the error that could generate an undesirable signal.
In our example, the smooth reference signal is given by r(t) = sin(.5πt) cos(.2πt), the oscillator parameter μ = 1.0, the perturbation signal η(t) = .3 sin(4πt), the initial condition for the oscillator is [3, −6] , and the control parameters are as follows:
Parameter Value input to the system with a turn-on and a turn-off integral filter, respectively. Clearly, Fig. 3 shows a control signal smoother than in Fig. 4 involving smaller lower and upper bounds. The worst case is given by the equality of K i and L i for all i in (11) . As a result, the system will have a bounded input bounded output (BIBO) stable behavior, but the convergence is not guaranteed.
VI. CONCLUSION AND FUTURE WORK
This paper presented the design of a continuous-time FTSMC with an integral filter that converges to an equilibrium point in finite time. We proposed a state-dependent gain term K and an integral filter to smooth the input control signal providing the stability of the controller involving uncertainties and disturbances rejection. We showed that the method converges in finite time. An algorithm has been suggested to implement the controller and validated our approach presenting an application to a Van der Pol chaotic oscillator synchronization with a smooth reference signal taking into account the presence of perturbations in states. The advantages of our controller are follows: a) the ability to smooth the input control signal; b) the robustness for polynomially bounded uncertainties and perturbations (it is not required the complete knowledge of the exact plant model and the time-derivatives of the reference signal, it is only needed an approximated plant model and signal bounds); c) the capacity to reach the zero dynamics in finite time. On the other hand, the main disadvantage of the method is to design a controller for an augmented (n + 1)-dimensional system with a virtual state making its structure more complex. As future work, there are many challenging issues remaining to address. We are planning to design a discrete version of this controller developing an observer-state with a similar technique. We will also improve the performance implementing a self-tuning system for our controller. In further studies, it will be possible to make an extension of this paper applying the fractional calculus to a more complex dynamical system.
